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In every experimental test of a Bell inequality, we are faced with the problem of inefficient detec-
tors. How we treat the events when no particle was detected has a big influence on the properties
of the inequality. In this work, we study this influence. We show that the choice of post-processing
can change the critical detection efficiency, the equivalence between different inequalities or the
applicability of the non-signaling principle. We also consider the problem of choosing the optimal
post-processing strategy. We show that this is a non-trivial problem and that different strategies are
optimal for different ranges of detector efficiencies.
INTRODUCTION
Undoubtedly, Bell’s theorem is one of the most signif-
icant achievements in the foundations of quantum me-
chanics [1, 2]. After its publication, scientists have intro-
duced many more Bell-type inequalities [3–9] with dif-
ferent properties. Some of these properties measure their
usefulness for various tasks like quantum key distribution
or disproving the possibility of a Local Hidden Variable
(LHV) description of the world.
The first experimental violation of one of them was
demonstrated already in 1972 [10]. However, it did not
exclude the possibility of LHV model. This is due to the
fact that this experiment did not overcome two main ob-
stacles arising in such tests [11]: (a) avoiding the exchange
of information about the measurement settings between
particles; and (b) detecting particles with a probability
high enough. If the detection efficiency is too low or one
particle can have access to the choice of the setting of
the other one, it is possible to reproduce quantum cor-
relations using a LHV model. These two problems are
known in the literature as the locality [12] and the detec-
tion loophole [13, 14], respectively.
The locality loophole was first closed by Aspect [15]
but in his experiment, the one related to detection was
not. Closing it became an important problem not only be-
cause of the foundational issues mentioned above but also
because loophole-free violation of local realism is a nec-
essary condition for device-independent quantum infor-
mation processing [16]. Recently, the first experiment to
close both these loopholes at the same time was reported
[17] and other groups followed soon afterwards [18, 19].
Interestingly, the authors of [17] and [18] report violating
different inequalities: CHSH and CH, respectively. These
two have the same number of involved parties, settings
and outcomes. From a practical point of view, the main
difference between them is their vulnerability to detec-
tion efficiency loophole.
In [3] it was shown that for CHSH inequality the lower
bound for detector efficiency needed to close the loop-
hole is 82.8%. For CH [4] Eberhard has shown it to be
66.7% [7]. It is very common in the literature to make a
clear distinction between these two inequalities, eg. the
authors of [3] strongly stress it. Yet, it is also known that
they are equivalent [20]! One of the aims of this paper is
the explanation of this paradox. We show that the rea-
son for it lies in post-processing of experimental data,
which is a necessity if the detectors are not 100% effi-
cient. For some types of post-processing, the equivalence
is preserved while for the others it is not and different
critical detection efficiencies appear. In the rest of the
paper, we study other effects that arise in inequalities
more complex than CHSH.
THE STRATEGIES OF POST-SELECTION
In this paper we consider two-partite Bell inequalities
with binary outcomes. We will call the parties Alice and
Bob with inputs x and y respectively. Their outcomes are
a ∈ {0, 1} and b ∈ {0, 1}.
Because of imperfections of detectors in a real Bell type
experiment, there are always rounds in which some de-
tector (or detectors) does not produce any outcome, in
other words, does not ”click”. Therefore, it is a relevant
question to ask: How should one treat these rounds? One
of the possible solutions to this problem is to assign a new
value, different from 0 and 1 to the no clicking outcome.
However, this way is not satisfactory because:
(a): A new outcome in an experiment requires a new
Bell’s inequality, which the coefficients are not
known in advance.
(b): We often need a particular form of the inequality
when it is used in some information processing pro-
tocol [21]. Adding a new outcome changes that form
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2which can now be useless for our purposes.
The problems mentioned above cause that experimental-
ists choose one of the two strategies [7, 22]:
• THE DISCARD STRATEGY
If in any round of an experiment the detector of
at least one party does not click, they discard this
round from their statistical data. This strategy
causes that the classical value of a tested Bell in-
equality to increase and the quantum value does
not change.
• THE ASSIGNMENT STRATEGY
If in any round of an experiment, Alice’s or Bob’s
detector does not click that party assigns some
output value (0 or 1) in this round of the exper-
iment. This strategy causes that the classical value
of a tested Bell inequality does not change and the
quantum value decreases.
It is crucial to note that the discard strategy may im-
ply signaling in the estimated joint probability distribu-
tion. One can demonstrate this by the following exam-
ple: Let us imagine that one has devices described by
the joint conditional probability distribution P (ab|xyλ),
where x, y ∈ {0, 1} and λ ∈ {0, 1} is a hidden variable:
P (a, b = 0|xyλ) = δa,λ . (1)
The joint observed probability distribution for Alice and
Bob is:
P (a, b = 0|xy) =
∑
λ
pλδa,λ , (2)
where pλ is probability distribution of the hidden vari-
able. Probability distribution is called non-signalling if
the marginal probabilities of one party do not depend on
the input of the other, i.e.:
∀y,y′ PA(a|x) =
1∑
b=0
P (ab|xy) =
1∑
b=0
P (ab|xy′) (3)
∀x,x′ PB(b|y) =
1∑
a=0
P (ab|xy) =
1∑
a=0
P (ab|x′y) (4)
One can easily check that (2) satisfies these conditions
since the marginal probabilities read:
PA(a|x) =
∑
λ
pλδa,λ = pa , (5)
PB(b|y) = δb,0 . (6)
Let us now modify the probability distribution by al-
lowing the devices not to click in some instances. While
it never happens for Alice, Bob’s device clicks if and only
if y = λ. We introduce a variable cB which is equal 1
if Bob’s device did click and 0 otherwise. Its probability
distribution reads:
P (cB = 1|xyλ) = δy,λ . (7)
The statistics obtained after discarding all the rounds
with cB = 0 are:
P (a, b = 0|xycB = 1) = P (a, b = 0, cB = 1|xy)
P (cB = 1|xy) , (8)
where:
P (a, b = 0, cB = 1|xy) =
∑
λ
pλδa,λδy,λ = pyδa,y, (9)
P (cB = 1|xy) =
∑
λ
pλδyλ = py.
Formula 8 becomes then:
P (a, b = 0|xycB = 1) = pyδa,y
py
= δa,y. (10)
and Alice’s marginal PA(a|x) = δa,y probability starts to
depend on y which violates condition (3).
A convenient way of presenting probability distribu-
tions allowed by a theory is to assigning a point in a
16 dimensional space to each of them. Point’s coordi-
nates are the values of P (ab|xy) and every combination
of the values a, b, x and y represents a dimension. Bell
inequalities, being linear combinations of P (ab|xy) are
then directions in this space. For local and non-signalling
theories the sets of allowed probability distributions are
polytopes, while the structure of the quantum region is
much more complex. Figure 1a based on [23] shows how
the discard strategy influences CHSH inequality, with lo-
cal polytope extending outside the non-signalling one.
On the other hand, the assignment strategy respects
the non-signaling constraints. It follows directly from the
fact that assigning an outcome is a local operation while
discarding the whole round when only one part did not
click is not. The impact of the assignment strategy on the
space of conditional probabilities is shown in figure 1b
and 1c. Especially, plot 1c needs explanation. The clas-
sical region stretches beyond the quantum one because
we assume that the detectors behave differently in dif-
ferent theories. For the quantum strategy the detectors
are honest, which means that they do not click because
of their physical imperfections. On the other hand, the
clicking of the detectors for the classical strategy can be
governed by some local hidden variable.
This assumption gives an advantage to the classical
strategy over the quantum one.
It is worth to emphasize that the adopted strategy of
the post-selection in a Bell experiment with inefficient
detectors is crucial because it has an influence on the
value of the threshold detector efficiency.
EQUIVALENCE BETWEEN CHSH, CH AND
EBERHARD INEQUALITIES
For boxes having two inputs, two outputs and shared
by two parties there are known three main types of in-
equalities for the testing of local realism: CHSH, CH
3and Eberhard (E). We want to stress that although for
the discard strategy these three inequalities are different,
for the assignment all are equivalent. The equivalence is
shown in the next subsections.
Equivalence between CHSH and CH inequalities
To show the equivalence between CHSH and CH in-
equalities let us put CHSH as a sum of probabilities:
−2 ≤
1∑
x,y,a,b=0
(−1)xy(−1)a⊕bP (ab|xy) ≤ 2 . (11)
Next we write the expression
1∑
a,b=0
(−1)a⊕bP (ab|xy) in the
standard way:
1∑
a,b=0
(−1)a⊕bP (ab|xy) = P (00|xy)− P (01|xy) (12)
− P (10|xy) + P (11|xy).
If we use the assignment strategy as a post-selection
method we assume that in the Bell experiment a proba-
bility distribution has to obey non-signaling constrains 3
and 4, which one can write in the following way:
P (01|xy) = PA(0|x)− P (00|xy) , (13)
P (10|xy) = PB(0|y)− P (00|xy) .
When we put 13 into 12 and use the normalisation condi-
tion ∀x, y
1∑
a=0
1∑
b=0
P (ab|xy) = 1 we can derive the relation:
1∑
a,b=0
(−1)a⊕bP (ab|xy) = 4P (00|xy)− (14)
−2PA(0|x) − 2PB(0|y) + 1 .
Substituting 14 to 11 one gets CH inequality:
−1 ≤ P (00|00) + P (00|01) + P (00|10)− (15)
−P (00|11)− PA(0|0)− PB(0|0) ≤ 0 .
Note that to show this equivalence we used non-signalling
constraints (13). However, these do not have to hold
for probability distributions obtained by discard strat-
egy. This brings us to the first main result of the paper:
The choice of postprocessing method is responsible for
(in)equivalency of CHSH and CH inequalities.
Equivalence between E and CH inequalities
In 1993 Eberhard [7] derived an inequality which con-
sidered three possible outcomes of detectors: 0, 1 and ∅.
The symbol ∅ stands for no clicking of a detector:
P (00|00)− P (00|11)− P (01|01)− (16)
−P (0∅|01)− P (10|10)− P (∅0|10) ≤ 0 .
One can treat the outcomes 1 and ∅ as one outcome be-
cause both of them are opposite to 0. Note, that this im-
plicitly assumes that we are using the assignment strat-
egy here. Hence, Alice and Bob’s marginal probabilities
are computed in the following way [24]:
PA(0|0) = P (00|01) + P (01|01) + (17)
+ P (0∅|01) ,
PB(0|0) = P (00|10) + P (10|10) + (18)
+ P (∅0|10) .
Next, if one transforms the relations 17 and 18 and puts
them into 16 one gets 15. Note that this equivalence also
holds only for the assignment strategy.
POST-SELECTION STRATEGIES FOR I3322
INEQUALITY
We have presented the influence of the choice of the
post-selection strategy on CHSH inequality, which has
a simple structure. However, more sophisticated Bell
inequalities are more sensitive to the choice of post-
selection strategy and entail more interesting effects. We
focus on I3322 inequality [9, 22, 25] due do its asymmetry
in the structure and consider the case in which the detec-
tion efficiencies are also asymmetric (different for Alice
and Bob).
I3322 inequality has different versions, which
(in)equivalence again depends on the choice of the
postprocessing strategy. The standard one reads:
I¯3322 = 2P
B(1|0) + PB(1|1) + PA(1|0) + (19)
+ P (01|21) + P (10|21) + P (11|21) +
+ P (01|12) + P (10|12) + P (11|12) +
+ P (00|00) + P (00|10) + P (00|20) +
+ P (00|01) + P (00|02) + P (00|11) .
For local realistic theories I¯3322 ≤ 6.
Discard strategy for I¯3322 inequality
If one wants to examine the discard strategy for Bell
inequality then one has to answer the following ques-
tions: Which representation of the inequality one has to
consider? and Which detector strategy is optimal?
By the representation of the inequality one means its
form depending on the way we calculate the marginal
probabilities: PB(1|0), PB(1|1) and PA(1|0). Because the
discard strategy can be signaling, each of these marginal
probabilities can take a different value, for instance we
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FIG. 1: 1a The plot illustrating the correlations of CHSH inequality when the discard strategy is applied in the case
of no clicking of the detectors for detector efficiency ηA = ηB = η = 0.88 (light blue square). The green square is the
non-signaling region. The dark blue square represents the classical polytope for CHSH inequality in the ideal case
(detectors always click). The red disk is the quantum polytope [23]. 1b The shape of the polytope for detection
efficiency η = 0.95. There are parts of the quantum region (red) outside the classical one (blue). 1c The shape of the
polytope for detection efficiency η = 0.66. The quantum region (red) is contained the classical one (blue). The
symmetry of the classical polytope is broken because of the correlated assignments of Alice and Bob(both assign the
same value). The symmetry would be broken in the other way if they assigned opposite values. 1d The discard
strategy. The region of the violation I¯3322 and I¯
sym
3322 inequality for maximally entangled state as a function of the
average detectors’ efficiency. 1e The assignment strategy. The region of the violation of I¯3322 inequality for a
non-maximally entangled state as a function of the efficiency of detectors. The comparison of the strategies S00, S11
and S10.
can calculate PB(1|0) using one of the following:
PB(1|0) = P (01|00) + P (11|00) (20)
or
PB(1|0) = P (01|10) + P (11|10) (21)
or
PB(1|0) = P (01|20) + P (11|20) . (22)
Hence, altogether there are nine representations of I¯3322
inequality.
By the detector strategy, one understands the proba-
bility of detector clicking for each of the settings in the
optimal local model. I¯3322 inequality tests boxes with
three inputs and two outputs, so the detector strategy for
each party can be expressed as a three dimensional vec-
tor (η1, η2, η3). Therefore, on average efficiency is equal
ηT =
η1+η2+η3
3 . It is easy to show that, the optimal clas-
sical strategy looks as follows: the detector clicks for two
outputs with probability 1 and for the remaining output
with the probability η. Thus we only need to consider
the average probability of clicking of the detectors in the
range 〈 23 , 1〉.
Further calculations show that the lowest threshold ef-
ficiency is given by all representations of I¯3322 inequality
in which marginal probabilities PB(1|0), PB(1|1) are cal-
culated for Alice’s setting x different from 2, i.e.:
PB(1|0) = P (01|x0) + P (11|x0) , (23)
PB(1|1) = P (01|x0) + P (11|x0) , (24)
with x 6= 2.
The results obtained for I¯3322 were compared (fig. 1d)
with ones obtained for the symmetric version of I¯sym3322 [26]
(which, for assignment strategy is equivalent):
5I¯sym3322 = P
A(1|0) + PA(1|1) + (25)
+ PB(1|0) + PB(1|1) +
+ P (01|11) + P (10|11) + P (11|11) +
+ P (01|22) + P (10|22) + P (21|22) +
+ P (00|10) + P (00|20) + P (00|01) +
+ P (00|02) + P (00|12) + P (00|21) .
Assignment strategy for I¯3322 inequality
In [22] authors showed that the assignment strategy
applied to I3322 inequality can reach the threshold de-
tector’s efficiency close to 43%. The main idea was to
test pure non-maximally entangled states instead of max-
imally entangled. However, they examined the case in
which one of two detectors is ideal according to the model
of the entangled atom-photon pair. In the presented re-
search both detectors are inefficient, which is a natural
expansion of the mentioned model.
For the assignment strategy one determines threshold
detector efficiency by solving the following inequality:
ηAηBQI¯3322 + (1− ηA)ηBWAI¯3322 + (26)
+ηA(1− ηB)WBI¯3322 + (1− ηA)(1− ηB)CI¯3322
≥ CI¯3322 .
In the above formula QI¯3322 is the quantum value of I¯3322
inequality, WA
I¯3322
(WB
I¯3322
) is the value of I¯3322 inequality
when Alice’s (Bob’s) detector does not click and Bob’s
(Alice’s) detector clicks, and CI¯3322 is the maximal clas-
sical value of I¯3322 inequality. Analysing the formula 26
one can notice that it is impossible to reach value greater
than QI¯3322 .
The optimal states and measurements for I¯3322 are not
known, so to make our studies feasible in this paper we re-
strict ourselves to quantum strategies involving the states
of the form |ψ(θ)〉 = cos θ|00〉 + sin θ|11〉 and projective
measurements. For these states a numerical optimisation
was made. Similarly to [22] the optimal value was ob-
tained for weakly entangled ones when θ = Π100 .
Due to its symmetries, the behaviour of CHSH inequal-
ity does not depend on the choice of the outcomes as-
signed to the no clicking events. For I¯3322 it is no longer
the case. We have considered four possible types of as-
signment strategy (Sxy, where x, y ∈ {0, 1} are Alice and
Bob’s assignments, respectively).
We find that the optimality of the type of strategy
depends on the detection efficiencies of the parties. In
most of the cases S10 is optimal, however there are small
regions for which S00 or S11 are better (see fig. 1e). The
worst strategy is S01. The region corresponding to that
strategy lies inside the regions corresponding to any of
the others.
SUMMARY
The main aim of the paper was to show the influence of
the choice of post-processing method on Bell inequalities.
We showed that CHSH inequality is equivalent to CH
and E inequalities if the assignment strategy is chosen,
while inequivalent for discard. A similar effect appears
for I3322 and its variants. Next we focused on the effects
not present in the CHSH due to its simplicity. For I¯3322
inequality we have observed that the optimality of the as-
signment strategy depends on the type of the assignment.
We have also shown that, in the case of the discard strat-
egy, choosing a particular form for calculating marginal
probabilities leads to different, inequivalent forms of the
inequality.
In both cases we have found the assignment strategy
to be a better choice than the discard. We conjecture it
to be the case for any other Bell inequality.
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